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Canard: Van der Pol equation (Eckhaus 1983)
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e In the classical Rosenzweig-MacArthur (RM) model in
absence of the predator the prey grows logistically and
nutrients are not modelled

— Fast-slow dynamics,
— Singular perturbation technique,
— Canards
e In mass balance (MB) chemostat model this nutrient
IS explicitly modelled

— Bifurcation analysis
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Rosenzweig-MacArthur predator—prey model
RM1-model, variable efficiency

dxq a1To
— = f(x1,20,e) = x1(1 — 21 —

ph f(z1,m2,8) = z1( 1 1—|—b1m1)
dxo a1xq

—— —=¢eg(x1,22,8) = €x — 1

ph g(z1,z2,¢€) 2(1—|—b1:c1 )
parameter Interpretation

t Time variable

1 Prey density

o Predator biomass density

ai Searching rate

b1 Searching rate x handling time

€ Efficiency and predator death rate




The hyperbolic relationship
a1l

1+b1xq

F(xy1,20) =

e Ecology: Holling type II functional response
e Biochemistry: Michaelis-Menten Kinetics

Derivation using time-scale separation: searching and feed-
ing is much faster than population physiological processes,
such as growth

Here the parameters are:
a1 = b; searching rate
b1 = b/k; searching rate x handling time

The biological interpretation of ¢ is the yield in Microbiol-
ogy, or assimilation efficiency in Ecology and here besides
a time-scale parameter also predator death rate factor



Bifurcation analysis of RM predator—prey model

ajr

dxq

——=z1(1 -z — )
dt 1+ b12q
d

—2 = eap(; o — 1)

dt 1+ 0129

Bifurcation Description

TC Transcritical bifurcation:
invasion through boundary equilibrium

T Tangent bifurcation:
collapse of the system

H Hopf bifurcation:
origin of (un)stable limit cycle

Literature (e = 1):
Yu. A Kuznetsov, Elements of Applied Bifurcation Theory, Applied

Mathematical Sciences 112, Springer-Verlag, 2004



RM1-model
One-parameter diagram x; vs b1: a1 =5/3b1, e=1

TC H

~1.0 ' '
8

0.5 - —

1.0 —

0.5 -
HOO T T T T

0 2 4 §) 8 10

Transcritical T'C', Hopf H bifurcations



A 1.00

C 0.01

Transient dynamics by =3 and b1 = 8, ¢ =

1
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Transient dynamics by = 4 Hopf bifurcation point H: ¢ =

1
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fast system

dxq

dt —f(iE]_,iBQ,&?)
dxo ( )
—= = eg(x1,x0,€
di g\xr1,x2

layer system

slow system 7T = et

dxq
ed— — f(ajlaan)g)
-
dxo
d— — 9(5131,332,6)
p

reduced system

e—0
dxq
- — ’ 70
ph f(x1,22,0)
dry
dt
e —0
O:f(ajlaan)O)
dxo
d—:g(CC]_,CBQ,O)
-



Evolution of the slow variable on critical manifold

Introduce the function

o = q(x1) = %(1 —x1)(1 4 b1z1)

Formally from

dry _dq dx;

= g(z1,q(z1)) = day dr
we get

dry _ q(zy)(agzy — (1 +byzy)

dr dq/dxq

It describes the slow dynamics on the critical manifold: the
parabola f(z1,z5,0) = 0.



Note that this expression is zero at the top of the parabola
point (Z1,T2) where 71 = (b1 — 1)/(2b1)

This point is a fold point, the denominator is at that point
Zero

For by = 4 (Hopf bifurcation) also the numerator is zero
since it is also an equilibrium

Then slow flow is possible in that fold point because the
zero's cancel



Slow dynamics

A: b1 =3, Band C: b1 =8, =0
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A: by = 4, (Hopf)

Slow dynamics

B:by=8,¢=0
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Geometric singular perturbation techniques
(N. Fenichel 1997, G. Hek 2010)
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Approximations techniques slow manifolds, x> = g=(x1)

Using its invariance the perturbed manifold /\/lg can be
described as a graph

{(z1,22)|72 = ¢=(21),21 > 0,20 > O}
This manifold is invariant when

dro  drodry  dge dxq

dt  dxy dt  dwq dt

T he following asymptotic expansion or power series expan-
sion in € is introduced:

2o = qe(x1) =qo(z1) +eqr1(z1) + %go(x1) + ... |
_ (A —2)(@A +byzq) = o (r1(a1 —b1) — 1)
ai ’ r1(2w1b1 + 1 —bq)

q0



In order to simulate the model we solve the uncoupled
system

a ! L1 b

dio . a1%1

—= = —1 slave
= (] b171 )

where the initial values are chosen as:
r1 = 21(0) and Ty = ¢=(z1(0))



a] = 5/3 b1, where b1 = 3
asymptotic expansion approximation
x> = qe(x1), e = 0.1
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a1 =5/3 bgy.,?) where by =3, b1 =3, by = 4
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A: by = 4.0402, B: by = 4.0404, C: 4.0405, D: 4.042

0.3

RMi-model: a1 =5/3b1, e = 0.01,
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One-parameter diagram «x; vs b1, € = 0.01
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RM1-model asymptotic expansion approximation
r(x1,e = 0.01): a1 = 5/30b1,
b1 = 4.0403
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RM»> predator—prey model, constant efficiency

dry a1To
— = :El(l — 1 — € )
dt 14+ b12q
dw—2 = ex ( S S 1)

di 2\1 + braq

This model has been studied in:
Hek. Geometric singular perturbation theory in biological practice.
Journal of Mathematical Biology, 60:347—386, 2010.

However, without motivation for the extra ¢ factor

Simulation results are shown which indicate unrealistic un-
bounded solutions when € —- 0
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MB nutrient—prey-predator model

dxq
— = (zr — x0)ed — aprox]
dt
dxq a1ri1xo
—— — agxrogxr] —edxr] — €
dt 1+b1xq
dxo a1T1To
< = — edzo
dt 1+ b1x1
parameter Interpretation
t Fast time variable
o Nutrient density
xT; Population biomass density
Ty Nutrient concentration in reservoir
d Dilution rate
ao Searching rate
ail Searching rate

b1 Searching rate x handling time




It is possible to decouple the system by introduction of the
total biomass

H(t) = zo(t) +x1(t) +x2(t) —2r t>0
dH
— = —edH
dt

In order to be able to compare the three models RM1, RM»
and MB we make the following assumptions: H(0) = 0 and
this gives:

dxq ( a1To )
— = I 1—:131—:82—8

dt 1+ b1x1
d

2 p— 5332( 4171 — ]_)

dt 1 +b61xq

Extra zo shows that prey has less nutrients available that
are indirectly consumed by the predator



RM1-model
One-parameter diagram x; vs b1: a1 =5/3b1, e =1
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MB-model
One-parameter diagram x; vs b1: a1 =5/3b1, e =1
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by =3 and Ae=1, B: e=0.1, C: ¢ =0.01
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by =8 and Ae=1, B: e=0.1, C: e =0.01
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Two-parameter bifurcation diagram e vs by
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Conclusions (1)

e (RM; = RM5) Making the RM{ model more realistic
leads in RM> model to unrealistic unbounded solutions

when € — 0

e (RM5> = MB) Introduction of dynamics of nutrients in
the model leads to realistic solution and less complex

dynamics when € —+ 0



Conclusions (2)

e Integrated approach is important: Modelling, bifurca-
tion analysis and perturbation theory

e Proper modelling gives perturbation parameter € a bi-
ological interpretation not just a mathematical pertur-
bation parameter

e In RM71 model a canard occurs just above the Hopf
bifurcation and not in the MB model



